We apply visualization and modeling methods for convective and diffusive flows to public school mathematics test scores from Texas. We obtain plots that show the most likely future and past scores of students, the effects of random processes such as guessing, and the rate at which students appear in and disappear from schools. We show that student outcomes depend strongly upon economic class, and identify the grade levels where flows of different groups diverge most strongly. Changing the effectiveness of instruction in one grade naturally leads to strongly nonlinear effects on student outcomes in subsequent grades.
We apply visualization and modeling methods for convective and diffusive flows to public school mathematics test scores from Texas. We obtain plots that show the most likely future and past scores of students, the effects of random processes such as guessing, and the rate at which students appear in and disappear from schools. We show that student outcomes depend strongly upon economic class, and identify the grade levels where flows of different groups diverge most strongly. Changing the effectiveness of instruction in one grade naturally leads to strongly nonlinear effects on student outcomes in subsequent grades. comprise a data set involving more than 17 million examinations of over 4.6 million distinct students. Here we borrow techniques from statistical mechanics (1) developed to describe particle flows with convection and diffusion and apply them to these mathematics scores. The methods we use to display data are motivated by the desire to let the numbers speak for themselves with minimal filtering by expectations or theories.
The most similar previous work describes schools using Markov models. "Demographic accounting" (2) predicts changes in the distribution of a population over time using Markov models and has been used to try to predict student enrollment year to year (3, 4) , likely graduation times for students (5) , and the production of and demand for teachers (6) . We obtain a more detailed description of students based on large quantities of testing data that are just starting to become available. Working in a space of score and time we pursue approximations that lead from general Markov models to Fokker-Planck equations, and obtain the advantages in physical interpretation that follow from the ideas of convection and diffusion.
Results

Fig. 1A compares Texas mathematics scores taken in spring 2006
to those taken in spring 2007. Each arrow represents a group of students whose score fell into a range such as 80%-89% in 2006. The tail of each arrow is centered in the bin where students start. The tip of the arrow points in the direction of the average change in score of the students in this group. The number of students accounted for by the arrow is shown by its area (not its length). The question one answers by following the flow is "If I know students' scores when they are in third grade, what is the most likely set of scores for them to have as they head towards 11th?" The plot shows a snapshot of student motion across all grades in one year, and does not show the motion of particular individuals all the way from third to eleventh grade. The number of students represented by each arrow is large (40,000 students for the larger arrows in Fig. 1 ) so the standard error of the mean for changes in score is around 0.1%. Three shaded bands indicate the cut scores that divide commended from passing and failing performance.
Knowing students' scores in one year does not completely determine their scores the next year. Score changes have a random component. The degree of randomness can be reduced by judiciously grouping similar students, but cannot be eliminated. Variations between students and schools, and the fact that students guess at problems they do not know, lead to uncertainty on the order of 10% in the change of individual scores from year to year. Adopting the language of fluids, both convection and diffusion contribute to the flow of students. Eq. 3 presents a Fokker-Planck equation (1) that makes this idea precise.
The diffusive contribution to the flow due to guessing can be modeled mathematically: students invariably guess the answers to questions they do not know, because there is no penalty for guessing, and the fraction of correct guesses can be modeled by a binomial distribution. Each question has four responses, so the probability of guessing correctly is f = 1 4 , and students who know n questions out of N total questions on an exam will guess at the remaining M = N − n, resulting in a mean (normalized) score of (n + fM)/N with a variance of f (1 − f )M/N 2 . This variance provides a lower limit for the amount of diffusion in the absence of any other diffusive terms. The actual diffusion, as measured from the data, is several times greater than this lower limit in all cases, indicating that randomness due to guessing only provides a small part of the diffusion.
One consequence of diffusion is that not all students follow the path predicted by their flow arrows. Fig. 2A is a graphical representation of the amount students' scores are raised above or below the main flow by diffusion. These differences are due both to guessing and to differences in education, school, etc. A more subtle consequence of diffusion is that following students from the future into the past is different from following them from the past into the future. One can obtain a different set of flow arrows by choosing students whose score fell into a range such as 80%-89% in 2007 and computing their average score the prior year. This flow, which is displayed as Fig. 1B answers the question "If I know students' scores when they are in 11th grade, what is the most likely set of scores for them to have had coming from third?"
The upper and lower plots in Fig. 1 divide students into two groups according to their level of economic need. The upper plots show students not eligible for free and reduced meals (called "not low income"), and the bottom plots show those who are eligible (called "low income"). Many other groupings are possible, including those by race and gender, economic need according to school rather than by individual, or combining race and gender with economic need.
There are two additional phenomena that contribute to student flows. Students appear and disappear from one year to the next, and students can be required to repeat a grade. These contributions are reflected to some extent in the sizes of arrows in Fig. 1 , but it is useful to bring them out directly. Vertical arrows in Fig.  2B show the number of students who appeared in each grade and were missing or had zero score the previous year minus those who The top row has data from students not elibigle for free and reduced meals whereas the bottom row shows students who are eligible. That is, students from wealthier families are on top, and those from poorer families are below. Flow arrows v S show the most likely future path of students whose starting point is known. Reverse flow arrows v − S can be followed backwards to determine the most likely history of students whose ending point is known. The top band highlights commended students, the middle band highlights passing scores, and the bottom band highlights failing scores, using the cut scores published for each year and grade by the Texas Education Agency.
had been present and now vanish or get zero score. The horizontal arrows show the numbers of students who repeat a grade. Fig. 3 shows how flow fields evolve over time for low-income students. The broad outlines of the flow pattern remain remarkably constant, while at the same time there are some systematic changes such as a rapid increase in the numbers of students obtaining commended scores at 10th grade.
Discussion
A characteristic pattern in Fig. 1 is a strong horizontal flow with arrows of decreasing size above and below it pointing towards the flow center. In fluids, this phenomenon results from the competition between fluctuations and dissipation: a particle that is moving much faster than those around it because it has just received a particularly large random kick is most probably going to slow down. In statistics this phenomenon is called regression to the mean (7) and explains why arrows above the center of the flow tend to point down. Regression to the mean can be caused by several factors, including the mathematics of guessing, or by the small likelihood of students having exceptional teachers several years in a row.
Educational outcomes for students from wealthy and poor families are very different in Texas. The flow fields show where the greatest divergences between these groups occur. The flow patterns in the top and bottom rows of Fig. 1 start out in nearly the same direction until the transition to middle school between fifth Vertical arrows show the net result of students appearing and disappearing from school, whereas horizontal arrows show the numbers of students required to repeat a grade. Downward pointing arrows mean that more children are disappearing from a grade than appearing in it. Areas of arrows are proportional to the numbers of children involved. The scale of arrows and meaning of the colored bands is the same as in Fig. 1 . and seventh grade, when students from economically disadvantaged backgrounds flow downwards at a higher pace than their less disadvantaged counterparts and never recover. Ninth grade is another crucial time because students who are not passing the mathematics exams are forced to repeat a grade and consequently disappear from schools in large numbers. This effect is much stronger for those who are economically disadvantaged than for those who are not, as shown in Fig. 2B .
Flow fields address many questions about the educational system. There is a debate over the student variables that should be used to describe effects of teachers and schools. Sanders (8) states that "models should not include socio-economic or ethnic accommodations but should only include measures of previous achievement of individual students." In this view, prior year scores contain everything one needs to know about the state of the students. However differences between flow directions have great statistical significance. For example, sixth graders not eligible for free and reduced meals and mathematics scores between 90% and 100 % in 2006/2007 drop on average in score by 4.4% the next year, whereas those eligible for free and reduced meals drop in score by 7.0%. (N ∼ 30, 000, t = 34, p < 10 −9 ). Similar statistical significance applies to the differences between virtually all the arrows in the upper and lower rows of Fig. 1 . Changes in scores depend strongly, reproducibly, and with high statistical significance, upon poverty level even after controlling for previous achievements of students. It is possible that this difference in score changes is entirely due to the lower quality of teachers assigned to the least affluent students. However, it is difficult to reach such a conclusion simply from test data; the conclusion that ineffective teachers are largely to blame for unsatisfactory student performance risks being circular (9) if ineffective teachers are defined to be those whose students' test scores decrease (10) . Drawing conclusions about school effectiveness from test data presents comparable difficulties (11) .
Another claim is that the difficulty of items on the TAKS exams is carefully chosen so as to maintain students' scores at the same level over time (12) . This claim is only partly supported by the data. Most flow vectors are close to horizontal but the slopes are not negligible and, over the course of several years, students flow to very different regions from where they began, a change which depends strongly on variables such as students' ethnic group and economic class. Finally, we note that linear modeling is pervasive in analysis of educational data (14), but we see many effects that are inherently nonlinear. For example, suppose that through some form of improved instruction it is possible to increase the score gains of low-income students in sixth and seventh grades. This will have the effect of diverting the entire flow pattern slightly upward. In 10th grade, the number of low-income students in the highest score bracket (90%-100%) constitutes the exponentially small tail of a distribution centered at around 60%. Thus small motions of the distribution upward result in exponentially varying gains at the top. Such gains are evident. For example, consider the low income students scoring >90% in 10th grade circled in Fig. 3 . Between 2003 and 2006, the number of these students grew by 15-50% per year, starting with 2,150 students in 2003 and ending with 7088 in 2006. The model presented here is nonparametric and makes minimal assumptions about the form of the underlying probability distributions for student score changes.
It should be possible to use our convection and diffusion models in order to predict quantitatively how improvements at lower grades affect flow of students at higher grades. These predictions would apply to the average behavior of large numbers of students although individuals would display considerable variation. The success of these predictions will partly hinge on the extent to which score changes in successive years are statistically independent. Our preliminary examination of this question indicates that knowledge of two prior year's scores only improves prediction by ≈10%, so the assumption of independence is acceptable. 
Materials and Methods
Dataset. We obtained all TAKS-related data that the Texas Education
Agency, the government agency charged with administering and evaluating standardized tests in Texas, is able to release. Each row of the dataset contains information about a single examination of a single student, including that student's demographic details as well as their responses to each question of the examination along with their score. Each student has a globally unique, anonymized identifier that allows us to follow them through time as they move between schools. Students are described by race, gender, and eligibility for free and reduced-price meals, which is an indication of whether family income is low or high. Every answer they have bubbled on each test is provided, and can be compared with correct answers. The schools and districts in which students take the exams are named. There are some things we would have liked to know that are not included: there is no indication of whether students have changed schools in the middle of the year. The State probably does not know. More puzzling, there is no information on the teacher under whose care the student took the exam. The State certainly does have this information, because it returns to each teacher a record of their students' scores, and provides reports on the performance of every teacher to each district. However they must not retain the data, because the Texas Education Agency is required release all information in their possession in accord with the Texas Freedom of Information Act, and data linking students to teachers are not available.
The data set has defects, some of which can partially be remedied and some of which cannot. There are over 27,000 students with invalid records who end up coded with the same unique identifier and must be removed. Such defects appear to involve tens of thousands of students but there is nothing to be done about them. Out of a population of millions we do not believe that these defects are likely to distort our results.
We transformed the dataset to make analysis more manageable, but without changing any entries. We created normalized sets of tables to speed up searches in MySQL. We also produced condensed files containing all relevant information about each student on one line, useful for analysis with Python scripts. We normalize all students' scores by dividing by the maximum possible score for that student for that exam. [1]
Transitions to and from the state with score zero have to be treated separately because they correspond to students who were sick, absent for other reasons, left school, left the country, or have an invalid exam. We do not distinguish between students who show up in the dataset with a zero score and those who do not appear at all. We define
to be the disappearance of students with score S between years a and b.
To obtain a Fokker-Planck equation, assume that R is slowly varying as a function of S, although not slowly varying as a function of δS. Then, to second order in score changes,
This gives
where the forward flow v S and the forward diffusion The reverse flow v − S answers the question "If a student has a score between 80% and 89% in 12th grade, what is the most likely path to have been followed since third grade?" The average of the forward and reverse flows is a current that predicts changes in student numbers without diffusion: which means that the difference between the forward and reverse flows or the sum of the forward and reverse diffusions provides a measure of total diffusion. We now can interpret more precisely what we have plotted. 
